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Abstract 
In this study, analytical solutions are obtained by homotopy perturbation method (HPM) for the nonlinear vibration 
equation of cantilever beam excited by harmonic and EMAs forces. Novel and accurate analytical solutions for the 
frequency and displacement are derived. Comparison of the result obtained by the HPM with numerical solutions 
reveals that only the first order approximation leads to higher accurate solution. 
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1. Introduction 
Electromagnetic actuators (EMAs) is considered as a simple means of excitation [1], can be exploited 
positively in industrial applications where attracting forces are needed. The systems actuated by 
electromagnetic forces exhibit generally complicated behavior due to the nonlinearities generated by the 
force. For instance, nonlinear dynamics behavior and chaos control for an electromagnetic system has 
been considered in [2-4]. And the influence of EMAs on the frequency response of an excited cantilever 
beam and ignore the damping influence is governor by duffing equation, but there isn’t exist small 
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parameter at all. It is well known that the traditional perturbation techniques are based on the assumption 
that a small parameter must exist, which is too over-strict to find wide application. To overcome the 
limitations, many novel techniques have been proposed in recent years. For example, the homotopy 
perturbation method (HPM) was proposed by He[5], which is valid not only for small parameters, but 
also for very large values of parameters. And HPM has became one of the most widely used methods for 
nonlinear oscillators, see Refs. [6-13] for more information.  
It is the aim of this paper to study the influence of EMAs on the frequency response of a harmonically 
excited cantilever beam is investigated in an analytical way. To obtain the approximate solution by the 
HPM with the help of Mathematica, firstly, we transfer the EMAs force in an approximate expression by 
a truncated taylor series. The obtained analytical solution is in satisfactory to excellent agreement with the 
numerical solution for various initial conditions. And it will compared with the numerical solution by 
fourth order Rounge-Kutta method to demonstrate and verify the accuracy and effectiveness of the HPM. 
The rest of this paper is organized as follows. In Section 2, we give the basic equation of a cantilever 
beam and solved by HPM. In Section 3, discussion the obtained results. In Section 4, some conclusions 
are given. 
2. Basic equation of a cantilever beam and solved by HPM 
The one mode motion of a cantilever beam submitted to a harmonic external excitation and to 
symmetric EMAs is modeled as a linear mass-spring system when the damping influence is ignored. and 
the dimensionless equation can be written as[4] 
emcosz z f Fωτ′′ + = +                                                                                                                  
(1) 
And is the electromagnetic actuations given by emF
2
em 0[(1 ) (1 ) ]F a z z
−
= − − +                                                                                                        
(2) 
where prime represent differentiation with respect to the time . is the dimensionless displacement. τ z
f and are the amplitude and the frequency of the external forcing, respectively. The parameter is
proportional to the current squared. 
ω 0a
In the case under consideration, the vibrations of the cantilever beam are assumed to have small 
amplitudes around the rivial equilibrium. As the form of the right hand side of Eq. (2) is not suitable to be 
analyzed directly, it is convenient to use a truncated taylor series expansion, according to 
2 2 3 5 7 9
3 5 7 9
(1 ) (1 ) 4 8 12 16 20 ( )
4 8 12 16 20 .
z z z z z z z o
z z z z z
− −
− − + = + + + + +
≈ + + + +
10z
                                             (3) 
which results in the approximate equation of motion given by 
3 5 7 9
0 0 0 0 0(1 4 ) 8 12 16 20 cosz a z a z a z a z a z f ωτ′′ + − − − − − = , , .
(4) 
(0)z A (0) 0z
4770  Ma Xinmou et al. / Procedia Engineering 15 (2011) 4768 – 4773Ma Xinmou et al./ Procedia Engineering 00 (2011) 000–000 3
where is a real constant. A
It is’t exist small parameter in Eq. (4) at all. So, according to HPM, for Eq.(4), we can construct a 
homotopy in the form 
3 5 7 9
0 0 0 0 0(1 4 ) (8 12 16 20 cos ) 0z a z p a z a z a z a z f ωτ′′ + − − + + + + = .                           
(5) 
where p is an imbedding parameter, .When  Eq. (5) corresponds to an linear ODE and 
it is easy to solve, and when  Eq. (5) corresponds to Eq. (4). So, as the embedding 
parameter
[0,1]p∈
1p →
0p →
p increases from 0 to 1, the solution of Eq.(5) becomes the approximate solution of Eq. (4).  
A constant can be expanded as a power series of the homotopy parameter p in HPM, for 
example can be expanded as 0(1 4 )a−
2 2 2 2
0 1 21 4a p p  ,                                                                                             
(6) 
where and  are unknown constants to be further determined. 2 2 ( 1, 2,i i )
Supposing that the nth-order solution of Eq. (5) can be expressed in a series in p :
2
0 1 2z z pz p z  .                                                                                                            
(7) 
Substituting Eqs. (6) and (7) into Eq.(5), we can obtain the approximately solution of Eq. (5) can be 
expressed as: 
2 2 2 2 2 2
0 1 2 1 2 0 1 2 0 0 1
2 3 2 5 2 7
2 0 0 1 2 0 0 1 2 0
2 9
1 2
( ) ( )( ) [8 (
) 12 ( ) 16 ( ) 20 (
) cos ] 0.
z pz p z p p z pz p z p a z pz
p z a z pz p z a z pz p z a z
pz p z f
ω ω ω
ωτ
′′+ + + + + + + + + + − +
+ + + + + + + + + + +
+ + + =
L L L
L L L
L
0
+
      
(8) 
After some manipulate and collecting all terms with the same order of p  together, the left-hand side 
of Eq. (8) is converted into another polynomial in p . Equating each coefficient of this polynomial to 
zero, yields a set of differential equations and  ( )iz
2 iiω 1,2,= L
0p ,                                                                                                                       
(9) 
2
0 0 0z z
1p ,               
(10) 
2 3 5 7 9 2
1 1 0 0 0 0 0 0 0 0 1 08 12 16 20 cosz z a z a z a z a z z f 0
           M M
The initial conditions for should satisfy: iz
0 , , , , ( 1 .                                               
(11) 
(0)z A 0 (0) 0z (0) 0iz (0) 0iz , 2, )i = L
Considering the initial conditions (11), we can solve Eq. (9) easily. The solution reads 
0 .                                                                                                                              
(12) 
cosz A
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Substituting Eq. (12)into Eq. (9), and results in 
2 2 3 5 7 9
1 1 1 0 0 0 0
3 5 7 9 5
0 0 0 0 0
7 9 7 9
0 0 0 0
9
( 6 7.5 8.75 9.84375 )cos
(2 3.75 5.25 6.5625 )cos3 (0.75
1.75 2.8125 )cos5 (0.25 0.703125 )cos7
0.078125 cos9 0.
z z A a A a A a A a A f
a A a A a A a A a A
a A a A a A a A
a A
     
(13) 
Eliminating the secular term we need 
2 2 4 6 8
1 .                                           
(14) 
0 0 0 06 7.5 8.75 9.84375a A a A a A a A f A
5
After eliminating the secular term of Eq. (13), it can be rewritten as 
2 3 5 7 9
1 1 0 0 0 0 0
7 9 7 9
0 0 0 0
9
0
(2 3.75 5.25 6.5625 )cos3 (0.75
1.75 2.8125 )cos5 (0.25 0.703125 )cos7
0.078125 cos9 0.
z z a A a A a A a A a A
a A a A a A a A
a A
  (15) 
Considering the initial conditions (11), we can solve Eq. (15) , the solution reads 
3 5 7 9 2
1 0 0 0 0
5 7 9 2
0 0 0
7 9 2 9
0 0 0
(cos3 cos ) ( 32 60 84 105 ) (128 )
cos5 ( 12 28 45 ) (384 )
cos 7 ( 16 45 ) (3072 ) cos9 ( ) (1024 ).
z a A a A a A a A
a A a A a A
a A a A a A
ωτ ωτ ω
ωτ ω
ωτ ω ωτ ω
= − − − − −
+ − − −
+ − − + − 2
         
(16) 
If only the first-order approximate solution is searched for, when 1p = , form Eq. (6), we have 
2
01 4a
2
1 .                                                                                                                       
(17) 
Substitution of Eq. (14) into Eq. (17), we have the first order approximately frequency 
2 4 6 8 1/ 2
0 0 0 0 0(1 4 6 7.5 8.75 9.84375 )a a A a A a A a A f A
1
1th .          
(18) 
And in this case, from Eq. (7), the first order approximately solution 
0z z z .                                                                                                                                    
(19) 
Substitution of Eqs. (12) and (16) into Eq. (19), we have the first order approximately displacement 
3 5 7 9
1 0 0 0
5 7 9 2
0 0 0
7 9 2 9 2
0 0 0
cos (cos3 cos )( 32 60 84 105 ) (128 )
cos5 ( 12 28 45 ) (384 )
cos7 ( 16 45 ) (3072 ) cos9 ( ) (1024 ).
thz A a A a A a A a A
a A a A a A
a A a A a A
2
0
(20) 
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In the same way, we can calculate the second and higher order approximately solution for Eq. (5). 
3. Numerical Results and Discussion 
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Fig.1. Comparison of the numerical and HPM solution Eq. (20) when (a) A=0.5, f=0.1, a0=0.01; (b) A=0.8, f=0.2, a0=0.005. 
To demonstrate and verify the accuracy and effectiveness of the HPM, in this section, we compared 
the analytic approximate solution Eq. (20) obtained by HPM with the numerical solution obtained by 
fourth order Runge-Kutta. And the comparison plot of the time history periodic response of the oscillation 
with different initial conditions is present in Fig. 1. 
As observed from Fig.1, the first-order analytical solution is in satisfactory to excellent agreement with 
the numerical solution for various initial conditions. When A is smaller, the first-order approximation 
solution can get higher accuracy solution. The second-order or higher order approximate solutions is must 
be used when A is larger to get higher accuracy solution.  
4. Conclusions 
In this article, we have applied HPM for solving the nonlinear vibration equation of cantilever beam 
excited by harmonic and EMAs forces. In many cases first-order approximations have enough accuracy, 
second or higher order approximations can obtain higher accuracy. Two different parameter conditions 
illustrative examples of the nonlinear vibration equation of cantilever beam have been presented to verify 
the capability and accuracy of the approach. The results reveal that the method is very simple in its 
principle and we think that the method has great potential and can be applied to other strongly nonlinear 
oscillators.  
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